il ﬂ a LH 'g!‘m ,;‘b Natural Language Processing

il | N
KOREA UNIVERSITY & Artificial Intelligence




ﬂ a LH gllim é:% Natural Language Processing

KOREA UNIVERSITY & Artificial Intelligence

¢ Introduction

NeurlIPS 2024 NeurlIPS 2025

Grokked Transformers are Implicit Reasoners: How do Transformers Learn Implicit Reasoning?
A Mechanistic Journey to the Edge of Generalization

Jiaran Ye®' Zijun Yao*' Zhidian Huang® Liangming Pan®? Jinxin Liu®
Yushi Bai* Amy Xin® Weichuan Liu®  Xiaoyin Che® Lei Hou** Juanzi Li*
#DCST, BNRist; KIRC, Institute for Artificial Intelligence, Tsinghua University, China
“MOE Key Lab of Computational Linguistics, Peking University, China < Siemens AG, China

{yejr23, yaozj20}€mails.tsinghua.edu.cn
{houlei, 1lijuanzi}@tsinghua.edu.cn

Boshi Wang*  Xiang Yue®* YuSu*  Huan Sun*
*The Ohio State University ©Carnegie Mellon University
{wang.13930,yue.149,su.809,sun.397}@osu.edu

il
im
oA
=2
io|
21'
e
-
min

Transformer 7} Implicit Reasoning= St&6lHA HO| = L& /2| 2/7|5}st



¢ Introduction

ﬂ a LH gllfm é:% Natural Language Processing

KOREA UNIVERSITY = & Artificial Intelligence

Implicit Reasoning 0l &
« HA|AQl Reasoning Text 10| ImplicitstA| & LY £ S 4t

- 1 Explicit Reasoning (CoT) otH Z|= 7 Otd? = =

= H|& 2. 2k Implicit Reasoning 3= 20| aA|Z

Case 1: Synthetic facts in the same document

Russ is married to Fine-tune

was born in Showing.

Case 2: Synthetic facts in different documents

Russ is married to )
Fine-tune

was born in Showing.

RANS EE/FE
+ 2|2 AHES SAM LLMs= Implicit ReasoningWl A 724 SHAIE HO|12 Y-S

HLOI QS = S ZO0ol A o
UCH CoTO| 223U FES EL T+ US

Where was Russ’s spouse born?

With CoT:
“ Russ's spouse, £ 7
was born in Showing. .

Without CoT:

“ Showing

Where was Russ’s spouse born?

With CoT:
Q Russ's spouse, 2
was bornin Showing.
Without CoT:
Q Bristol. x

LLMs fail completely:
chance accuracy & loss



¢ Introduction

Accuracy

1) Power, Alethea, et al. "Grokking: Generalization beyond overfitting on small algorithmic datasets.” arXiv preprint arXiv:2201.02177 (2022).

Grokking
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Ed
il E=E

Het0| LIEfLE=7t?

Grokked Transformers:

+ Q1. Implicit reasoning0l|AM = grokkingz{= &t}
2 A E|=7t?

» Q2. L{EtHTHA, O 22 o LW 2|2 /8y

« Q3.2 oftH 222 systematic OOD generalizationO| E|11, O{® A JHR|=7}7?
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Edge of Generalization

Experimental Protocol: & / "I}

1) Model / Training / Evaluation
Model: decoder-only Transformer (GPT-2 style), 8 layers (7| &)
Train: all atomic facts (head, relation, tail) + subset of inferredID (head, rel_1, rel_2, tail)
Test: FAFZZ FE H|0|E{ (inferredID), 2% 2| =& §|0|E (inferredOOD)
 Goal: IDE “712! 81&”, OODE “systematicity (X HHH Z|Alof| 72! A4 8)”
+ Key procedure (for grokking):
train accuracyZt £tz 0| 20]| = &M ¢ 22f st&(long training) 5+

“overfit 0| % Lta7t ZA7| 22t £ 2 8H(grokking) "& 22
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Edge of Generalization

Experimental Protocol: Tasks

1) Composition

atomic: (h,r1) = b

inferred: (h, r1,r2) —t

T Z: h—b—t (bridge chaining 24
2) Comparison

atomic: (e, a) = v

inferred: (@, el,e2) = acor=or>

FZivl/v2HE X5 - H|W
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Edge of Generalization

Experimental Protocol: 24 =31

1) Logit Lens
+ 2Zr2{0]|0{2| hidden stateE &3 57t (logits) 22 EF3H,
« A0 20| o= E2(bridge entity b, relation r2 §)2 THEE|=A £4
* 0f]: Composition0i| A
 r1 2|20 M bridge b7t 20|=7}?
* r2 2Z|0f|M r2 Z 27 HO|=71?
> “HA(Representation) 2t: 2|2 0] 2|7t BAS =11 ULE?”

2) Causal Patching (7|04: “A |2 20|L}?”)
- £ 2|0]0f-EZ 2|x[Q] activation2 14| (Patching)si M, Z[Z 0| £0| HofLt HH=Z] &0l
« O 2|7} ol 0] 2t o2 FQ5HH, WZSHS W H&/2 30| IH| HEIT.
2 “7|0{(Causality) 2+&: B3 QU= dEIH AH| 2 HES TEE O 2A0|LE?”

3) Why these tools? (Grokking = 3|2 &2 27| 2I5H)
« grokking2 &3] test accuracy 7t 2 2 S 40| OtL|2t,
 LHEO|M shortcut A2 — 2-hop ZZZ ‘3|27t A E|= 2SO0 2 5| M5 4 QIS
* LogitlensZ “S|Zo| HZE ()7t M7|=A"E B,
« causal patching@ 2 “I M 27} 0| 20| MHZ HZAE| =] (7|0])" & EHolst 9
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¢ Grokked Transformers are Implicit Reasoners:
A Mechanistic Journey to the Edge of Generalization

« 8&L atomic(ME) + inferred (ID L&) 2 51, H7H= “HA| &L inferred”S ID/OODE L4 £L}.
- Atomic facts: 7|2 A& (SUR]). 0f: (subject, relation, object) 22 1-hop EE|E
| atomiclD U atomicOOD (atomic2 &1 at&0ll Z2t)
- Inferred facts: atomicE0| latent rule R (Gil: 2-hop composition) & 23| A THE “ZZ2E| AMA (H1Z])”
| train_inferredID C inferredID (inferred= IDOJA{ 20t fZ2])
| test_inferredID: atomiclDA! R=El inferred & trainOfA! 22| %2 inferred — ‘732 HfgIL}?”

| test_inferredOOD: atomicOODOJIA] 2L El inferred — “ZE7} HIFO[E 7212 HESILI? (= systematicity)”

* “We prepare two separate sets of atomic facts: atomicID and atomicOOD.”

- atomicZ ID/O0D & £22 2 2 TH50] 11, 1 2{0|M FAL 2 inferredE W4l M 2teto| ‘TR & =Z26IM &

10
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Edge of Generalization

Transformer= implicit reasoning= ‘iHR2!’° 8t=0I,
composition2 00DMI M M Xl comparison2 ELI.

« Zt#1) R EjA3 2= ID generalization2 Composition Comparison
- wife born in |
grokkingxd 45 7t ) =s(Grchet) 1\ @tcneniyr2Cross )
I S
+ B 2) 512t OODOIA 2f0|7} 2ty EDHe o)
» Composition OODO| A= t3} AIf 1.0 . 1.0
. Composition2 Multi-hop reasoning £ 9/0/ 0.8 0.9
(h ->r1-> (latent) b->r2 -> t) S o6 3 0.8
5 5
« Comparison OODO|M= 257} MB35 HUS S 0.4 0.7
< / o— Train (ID) < —e— Train (ID)
. o s o . = / —=— Test (ID) 0.6 —=— Test (ID)
. Comparison 2 entities 2/ attribute 0 L}{5F 0.2 s T
valuesE Hfwlof= &g 0.0 #=— BV S 0.5
. {OF 73] . {00 10* 10° 104 10°
Q: 2/ OODOJA{EE, 22[11 composition OfA{2 Optimization Step (Log Scale) Optimization Step (Log Scale)

W2 — 3|22 S0/7M3}
11



A Mechanistic Journey to the Ed

Grokking = “3|2 M&”

+ (b)= grokking 59t causal patching@ £ Q1114 7|0f HElZkS
Aoz, ZEMO| g £5 QA 7|0 HaIZ0| 2 A Y

B[\

—= =
* (c)= LogitLens2 2t 211k 7|07t 7+ 2 S/EE |RI0M2f 2

[o][]

=95t EZ(bridge entity, relation token)&

IR BN AR

Grokking 0| &

¢ (©)T_1 SIXIIA b, r_2 IX0IA r_27 M MeH

+ (b) Sl 2AXIOIA 2Z 020l 7|0f5Hs 211 7|01} grokking St
27t

> b7} AR BE20| EICf2E(c, WIHM), 0|20 Z5H ol 1z

OFStL, 419l A BUIA bt 28 RIS 4 U (e, ZAM) Test

M| AFASET| A|RFSH

gt

¢ Grokked Transformers are Implicit Reasoners:

Layer 14

Layer 2

Layer 3 -

Layer 4 4

Layer 5

Layer 6

Layer 7 -

se of Generalization

n n

(b)

r—0.25

r—0.50

r—0.75

--1.00

1.0

0.6

0.4

0.2

0.0
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Grokliing starts

—— MRR(b) at S[5,r1]
«— MRR(r) at S[5, ;]
== Test (ID)

== Test (OOD)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Optimization step (1e5)

(©)
12
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Edge of Generalization

2 composition2 OODOIA JHXILE? = “XI&101 HE &= S0 ZaHE”

=
+ Composition 8|2 ‘second-hop® A|Al' & AHZ0| T2 S A5l AL, ’} ™ g
AN JARN £\

OOD atomic2 1 4&0f A2&E 0|77t 210 OODU| A 7 &
+ ot20] atomic A& + &Z0]| second-hop atomic 4| X Layer 0

« 2 OODO| A= fact?} atomic HEfE 2 22|,

“second hop 9I2(0fl S2"32] && 9 ==
. DM ZES AHZ0| OOD atomicS A &S QIMIE|ETF ol T Layer 5 .
==e° =rles b/l e 1) Retrieve b “u D_,
second hop 29| A| AHZ0| M £ 28 — 00D Al ! in
g o
* (B2 8liA)) systematicity= ‘T2 2to| ofLizt, Layer8
2) Retrieve t
TH2l0| ZZ5H= 2|AI0] OfCiofl A BE|LLPOf| ZE{QICt, — ) Retriev
AFS] B/0/00)lAf y using band r2
1) bE 217 t

2) b9fr20) B2t
Eot2 22 (a)
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¢ Grokked Transformers are Implicit Reasoners:

A Mechanistic Journey to the Edge of Generalization

2 comparison2 OODJHX EILI? = “5 factE olSUIM BE x3]”

+ Comparison2 atomicZ “ot3 2{|0|0{0l|2F 4 &7t 1 T 7S HEZ 7ML &-S0A

Hu2t5tE 2, ID/O0D7t 8¢ 22 2{2|%|0f systematicity 7} Lt=

Grokking starts

a e &
1.00 1.0 _
Layer 1 pevmemmm T T
0.75 R S el
Layer 0 : '
L 2 !
ayer L 0.50 !
Layer 3 0.25 0.6 |I
: I
Layer s ]
Y Layer 4 0.00 0.4
: e MRR(v1) at S[5, e1]
Layer 7 I s - -0.25 —— MRR(v>) at 5[5, e;]
Layer 8 0.2 === Test (ID)
Layer 6 [ -0.30 ~—- Test (OOD)
r—0.75
Layer 7 0 1 2 3 4 5
—L -1.00 Optimization step (1e5)

(b) (©) 14
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¢ How do Transformers Learn Implicit Reaso

ng

g |- = [ —) il il
2t WEIEIDL C1 B EE| = Li(decodability)= reasoningS A 61X| 2&t
Grokked Transformers:= 2|27} 9f H2|=2|S 20{% 1, i T o >
Ol —I:—_E_E %.7_" 0|1_| E—l E—l ﬂ.sjol XHAl-% 7}%’ 6"7’" %SI E-IE'EZI% %3:!' Memory Phase ' Implicit Reasoning Phase
— ) Yol &
0 All explicitly decoded ‘ Still explicitly decoded
. “%?_I' olﬂEl El b7|' I:—I Ic 7}3@_7}? ”E %_E_}_?__iol OI_LI:_l E input token but cosine-scattered %[" : but cusine—convergiir
= . = . '-:::-_E target token
+ Al bo| HBO0| FM across queriesOi| Al S ‘ S,
‘ZtS o|0|2 AIR E| T2 Ha|5|7} e s e -
unembedding = | Ilate ',T 5
cosine-based ayers 5 '
- projection e < ' T 5
- :

shared-tail triples

[

......

shared-head triples

2-hop queries w/ shared bridge e_8

i 2-hop queries w/ shared bridge e_8

16
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2 1: Cross-query Semantic Patching = “Ql0IJt SHXI= AXI” 7|

€1 n n

« 20| FE2 = A7 OtLIEE CHE RE|2 be| 2|0|7} “ME (transfer) &l = 2IAIE S . . : 100
o M 2| Ao|M 22 hidden stateE #2| B2| £ 2{|0]|0{/EZ0|| 7|9/, Layer 1 -
ZEo| H#H “oo| ME” M3 (RRZA O R H|5t 2| 74 —_
40| HHRH “ojo] A (FRA O 2 H|X35HH2| A, B7H) Layer 2- 0 B
« A3k 3S7HY0l0] + EH EE A (=20M =2 1 fIZ]/anchorz &= #2H of| A Py
b ZF 5 Layer 3 B
transfer7t 713 & & o
. “ o 60
+ 0| anchor0f|A hidden stateE 20}, C}2 22| “cosine lens/A| #” & A| At Layer 4 - §
O
) Layer 5 - A
AA 2] (e1,r1, r2). r1 2|29 hidden vector h_src £ £0tA| 4
BRI RE|: (€5, r6, r7). St 2|0|0]- EZ 2{Z|0| h_src & &} & (patch). Layer 6 E
U
DHOFELAIC| | 20| e B= r7(r6(e5)) CHA!, e H 2o | 9|3H r7(ri(el)) &2z Layer 7 - - 20 5_45'
HFRICHH, h_src = “SZHAEIE| b =r1(e1)”2| 2|0|& T 1, T o[0|7} CHE H2[0| =
o e Layer 8
transfer (HAME) &S &t L L,

= QA 7|10k + 2|0| ZHALE (alignment)
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=32 2: Cosine Lens = “SHAHZ0| A4J|H

—-1.00 =0.75 =0.50 —=0.25 0.00 0.25 0.50 0.75 1.00

Component 1

(a) Phase 1

-1.00 —0.75 =0.50 —0.25 0.00 0.25
Component 1

(b) Phase II

0.50 0.75 1.00

+ #Z(Phasel): 22 b HS0| 2] 0| 20A (2H7H) > b7t ZHo|| %45 US(HIBRE)
« ZZt(Phasell): ID 8 =0| ¢t ZHIZ ZU(ID cohesion) = b 30| 21t A2Q10| B3}
+ 2Z(Phase lll): OOD & (CH2 A)0] ID F0{2| 2 0|53l &7 (00D alignment)
> X7t Z2tk first hopO| RHE0{L= be| 3 ZOHO| DRt S &t
e ID-derived e OOD-derived ® ID-derived e OOD-derived ® ID-derived ® OOD-derived
1.00 1.00 1.00
0.75 0.75 0.75 1
° ®
0.50 1 ° ® P 0.50 L] 0.50
Sj 0.25 e o * ® ‘ 4N_, 0.25 P L] ® ¢ [ ® T. 0.25 o @
5 . R o 5 %% 5 *%e ®
5 .00 S oo00 e O 0 S 0.0 ’ ‘
RN ks £ ‘e 3 e
8 -0.25 L ] L ® 8 —-0.25 L ° ® 8 —0.25 ® ®
e © ]
=0.50 1 ° ° L J -=0.50 =0.50 1
e o
-0.751 -0.75 [ ] ® =0.75 1
=1.00 -1.00 -1.00

—1.00 —=0.75 =0.50 =0.25 0.00 0.25 0.50 0.75 1.00

Component 1

(¢) Phase 111

18
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¢ How do Transformers Learn Implicit Reaso

] g’:‘

st& 3T (I~ ID- W XHEXE) XIS
ID cohesiont = 00D alignment t 2[ S S

+ Phase I: 45 22 + ID cohesion/O0D alignment &2 = &&= Memorization phase
*+ Phase II: ID cohesion &3 @74 In-distribution Y&t&H(0]: Test-Il) &4 (Grokking)
+ Phase lll: OOD alignment &2t @74 Cross-distribution &3} (Test-0l) 24

* Test-IOL} Test-OO0AE= &5 BFAO] St=L), 0] 212 second-hop mapping 8t &L617 2.
> 2%E =7t B3 HZ3H(b) £ Cross-distribution Y8t5te| £ EQ 2

+ID Cohesionzt OOD AlignmentZ S3lA Grokking2| THHE MlE23tet 4~ AAS

= |D Triples m— Train-|l m— Test-Ol Test-00 Test-10
00D Triples e TS| == = |D Cohesion == = 00D Ji\lignment

1 1

] 1 | |
100 1.0

1 S~ /IT Phase Ill — 2=
oo [ | Phase | Phage Il _______.——..’(-’l os

~| .

/ / ” -

Accuracy (%)
°
[+)]

I /
60 - -~
| -—f I ,’
40 | —— 1 -
j —— e —— —
] “_7 "_';::;—_"—‘ ————————————— —+
0 =} -

10 I 105 | 10° 107
Checkpoints (Trainina Steps)

Average Cosine Similarity
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4 How do Transtormers Learn Implicit Reasonings

Second-Hop Generalization Requires Query-Level Training Match

2etet= THed| At (atomic triple) S Ots AR 2 o ZE[Z| IS, ZE2 "% H3 (latent e2) S HOPA &= M 2

o R E
r2€ A8l 215 EZ 32 St= YA S T F2(EE 24, 20|06 S5 5)0IA 21 eh5aliof g

« AEZ9ER, Y™ (prefix) 3L ID atomic tripIeQI Z=0|r1 RO ESHS EH s ubspac é(anchoring)ﬁfﬁ)ﬂ OOD—ID
2 22 YUSE 7155 AR, & HM B2 1 S BHS 4 2{0(0]/AHMO| O EAH| &1 HESH=R|(F “r2& +W5t=

£ ST HIO[E0fM 21 = 40| QLojoF
HA S +ASHAT (1) S EAYS0| AYH o= AAE|0] QL0JOF(ID cohesion), 12|11 (2) I S &0l 24 HA=
A2f)7t 240N 3 HES 2 = ™S S5 FY=00F L atomic AHETUCRE (2)E SE5

oH
ol
rir
[
,HE
4n
rE
-1
IIIOII
ofm

20
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