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Soft Thinking: Unlocking the Reasoning Potential of
LLMs in Continuous Concept Space

Training Large Language Models to Reasonina
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*Abstract & Introduction
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METHODOLOGY

Chain-of-Thought (CoT) Chain of Continuous Thought (COCONuT)

Last hidden states are used
as input embeddings [Answer]

Large Language Model

input token [Question] X = X411 Xip2 Kitj [Question] <bot> <eot>

output token X; | X1 X0 Xiyj  [Answer]
(sampling)

last hidden state

Large Language Model

input embedding




METHODOLOGY
CoT [Question] [Step 1] [Step 2] [Step N] [Answer]
(Supervised

fine-tuning)

CoCONuUT
[Question] <bot><eot> [Step 1] [Step 2] [Step N] [Answer]
(Stage 0)
[Question] <bot> <eot> [Step 2] [Step NI [Answer]
(Stage 1)
[Question] <bot> <eot> [Answer] discrete token
(Stage N) calculating loss
N X e e



EXPERIMENTS

 Training
- GPT-2 : stage OIC} epoch 5, OtX| 2 stage epoch 50
- data : ProsQA (Proof with Search Question-Answering) 2% &t =2| F2 O

O|E, GSM8K, ProntoQA

Question = "Every shumpus is a rempus. Every shumpus is a yimpus. Every terpus is a fompus.

Every terpus is a gerpus. Every gerpus is a brimpus. Alex is a rempus. Every rorpus is a

o BenCh ma rk scrompus. Every rorpus is a yimpus. Every terpus is a brimpus. Every brimpus is a lempus.

Tom is a terpus. Every shumpus is a timpus. Every yimpus is a boompus. Davis is a shumpus.

B _I_ —I GS M8K Every gerpus is a lorpus. Davis is a fompus. Every shumpus is a boompus. Every shumpus is a

_ El _7|<_ Pro ntOQ A PI’OSQ A rorpus. Every terpus is a l.orpus. Every boompus is a timpus. Every fompus is a yerpus. Tom is
a dumpus. Every rempus is a rorpus. Is Tom a lempus or scrompus?"

Steps = ["Tom is a terpus.", "Every terpus is a brimpus.", "Every brimpus is a lempus."]
Answer = "Tom is a lempus

e Baseline
- CoT, No-CoT



EXPERIMENTS
Final answer Reasoning Process
Ours (k=6) NN Ours (k=6) T Category
Ours (k=5) Ours (k=5) e ) (Celst Lol
Correct Path
Ours (k=4) NN Ours (k=4) e = Incorrect Label
Longer path
Ours (k=3) I Ours (k=3)
° ( ) 3 ( ) i Wrong Target
% ours (k=2) % Ours (k=2) ] mmm Hallucination
= ours (k=1) = ours (k=1) —
Ours (k=0) NN Ours (k=0) R
no-CoT no-CoT T e
CoT N CoT ]
70 80 90 100 0 100 200 300 400 500
Accuracy (%) Count



EXPERIME NTS @ Root node Question:

. Target node Every grimpus is a yimpus. Every worpus is a jelpus. Every zhorpus

ge // \ @ Distractive node is a sterpus. Alex is a grimpus --- Every lumps is a yumpus.
pus Sy

uestion: Is Alex a gorpus or bompus?

root node

{—&71 / Grandchild of CoT
. the root node Ground Truth Solution

Alex is a lempus.

Every lempus is a scrompus.
Every scrompus is a yumpus.
Every yumpus is a rempus.
Every rempus is a gorpus.
### Alex is a gorpus x

Coconurt (k=1) (Hallucination)
CoconuT (k=2)

Alex is a grimpus.

Every grimpus is a rorpus.
Every rorpus is a bompus.
#i## Alex is a bompus

<bot> @ <eot>

Every lempus is a scrompus. <bot> ® ’Q‘ <eot>

Every scrompus is a brimpus. Every rorpus is a bompus.
### Alex is a brimpus x ### Alex is a bompus Q/
(Wrong Target) (Correct Path)

2e-3
3 ® o
O Coconur (k=1) e \_/ Coconur (k=2)

0.33
(h=2) a i 00
<bot> [ <eot> P (h=0) <bot> I I <eot>

Every lempus - Every rorpus ...
' & /OZe—A
0
/

p("lempus”) (h=0)  p(“rorpus")
(en = pClep(mep(us) \ = p(ro)p(re")p('us’)

0.32 =0.33 0.87 = (.87
= 5e-5 0.12 :
ih=2) (=1 O (g =




EXPERIMENTS

Method GSME8k ProntoQA ProsQA
etho
Acc. (%) # Tokens Acc. (%) # Tokens Acc. (%) # Tokens

CoT 429 +o:2 25.0 98.8 +0.8 92.5 77.5 £1.9 49.4
No-CoT 16.5 +o.5 2.2 93.8 +0.7 3.0 76.7 £1.0 8.2
iCoT 30.07 2.2 99.8 +0.3 3.0 98.2 +o0.3 8.2
Pause Token 16.4 +1.8 2.2 T7.7 £21.0 3.0 75.9 0.7 8.2
CocoNUT (Ours) 34.1 +15 8.2 99.8 +0.2 9.0 97.0 0.3 14.2
- w/o curriculum  14.4 +0.8 8.2 52.4 +0.4 9.0 76.1 +0.2 14.2
- w/o thought 21.6 +o0.5 2.3 99.9 +o.1 3.0 95.5 +1.1 8.2
- pause as thought 24.1 +o.7 2.2 100.0 +o.1 3.0 96.6 +0.8 8.2

Table 1 Results on three datasets: GSM8k, ProntoQA and ProsQA. Higher accuracy indicates stronger reasoning
ability, while generating fewer tokens indicates better efficiency. *The result is from Deng et al. (2024).



EXPERIMENTS
“180” 0.22
“180” 0.20
‘9” 0.13
<bot> <eot> 540
<bot> <eot>

James decides to run 3 sprints 3 times a week. He
runs 60 meters each sprint. How many total meters
does he run a week?
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Accuracy (%)

Soft Thinking

*Abstract & Introduction
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Lo Average Accuracy (Math) 1 __ Average Generation Length (Math) | 0o Average Accuracy (Coding) T 1000 Average Generation Length (Coding) {
CoT Thinking - CoT Thinking CaoT Thinking - CoT Thinking
as Soft Thinking é co00 6472 .. . 11.6% Soft Thinking a5 Soft Thinking E‘J con Soft Thinking
S + S
90 - 2 90 -
= = =
cann - 86.18 :
86.32 + 5000 4= 5000
) =4 4995 ] o 83.70 84.13 g3.84 2 4899 ' —_
85 83.84 , o 85 16.1% 4744
83.03 L 22.4% -0 83.23 83.14 L 19.1%
82.42 - 4486 = — A 44712~ o, 16.3%
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= << =
© o
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) @ 3000 . @ 3000
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70 2000 70 2000
QwQ-32B DeepSeek-R1- DeepSeek-R1- QwQ-32B DeepSeek-R1- DeepSeek-R1- QwQ-32B DeepSeek-R1- DeepSeek-R1- QwQ-32B DeepSeek-R1- DeepSeek-R1-

Distill-Qwen-32B Distill-Llama-70B Distill-Qwen-328 Distill-Llama-70B Distill-Qwen-328 Distill-Llama-70B Distill-Qwen-32B Distill-Llama-70B




METHODOLOGY

Soft Thinking

Intermediate Thinking Output
r A N\ r__JK__\
ct, ct, Y1 Concept Tokens
30412 4.3 .1 .2 00 0 1 (ct)
Original Dist.
A4 -
J
~
Input 3.4 .1 .2 4.3 .1 .2
X1 - XL ct, ct,



EXPERIMENTS

solve . 3  multiplied by by breaking down the into
0.88 0.91 . 1.00 1.00 1.00 1.00 1.00 1.00 0.50
First calculate the can break ' multiplication to
0.39 0.07 0.09 0.40 0.28 0.16 0.40 0.50
| multiply use
0.21 0.05 0.19
1 2 3 a 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20
values I multiply SRS gives
1.00 . .0 . 0.45 1.00 . . 0.50
smaller tens An\n This 4 decom 3 0 equals '
0.16 0.08 0.30 0.17 0.09 0.20 0.45 0.13 0.41 0.45
make | separate is
0.16 0.17 0.16 0.09
21 22 23 24 25 26 27 28 29 30 3 32 33 34 35 36 37 38 39 40

multiply t o : resulting
1.00 1.00 : 1.00 1.00 . 1.00

products together '
0.91 1.00 1.00 1.00

An <fthink>
0.50 1.00

An\n
0.50

- 0.4

- 0.2

Bl 82 83 B4 85 86 87 88 89 90 91 92 93 94 95 96 97

0.0

Probability



EXPERIMENTS

* Model
- DeepSeek R1 D|st|II Qwen-32B, Llama-70B : 72 E

. Benchmark
- =8k . Math500, AIME 2024, GSM8K, GPQA-Diamond
- A% : HumanEval, MBPPMBPP, and LiveCodeBench

« Baseline
- Standard CoT(sampling 16, t = 0.6), Standard Greedy CoT (t = 0)



Accuracy T Generation Length |,
MATH AIME GPQA MATH AIME GPQA
EXPERIMENTS s00 2024 OSMBK  piimond AVE: s00 2024 OSMBK  pymond AVE:
| QwQ-32B [13]
CoT Thinking 97.66 7688 9667 6417  83.84 4156 12080 1556 8095 6472
CoT Thinking (Greedy) | 97.00 80.00 9657 6515  84.68(+0.84) | 3827 11086 1536 417 5967 (L 7.8%)
Soft Thinking 9800 8333 9681 6717  8632(1248) | 3644 10627 1391 7213 5719() 11.6%)
*Results | DeepSeek-R1-Distill-Qwen-32B [38]
CoT Thinking 94.50 7208  95.61 63.10  81.32 3543 9347 875 6218 4995
CoT Thinking (Greedy) | 93.00 6333 9530  59.09  77.68(,3.64) | 3651 8050 1048 8395 5286 (1 5.8%)
Soft Thinking 9500 76.66 9583  64.64 83.03(t171) | 3373 6620 785 4722 3875(] 224%)
| DeepSeek-R1-Distill-Llama-70B [38]
CoT Thinking 9470 7040 94.82 6534 8131 3141 8684 620 5500 4486
CoT Thinking (Greedy) | 94.61 7333 9360  66.16 81.92(1061) | 2877 9457 606 4443 43451 3.1%)
Soft Thinking 9480 7333 9490 6666 8242(1 1.11) | 3021 6644 597 4470 3683 () 17.9%)

Table 1: Comparison of Soft Thinking and various baseline methods on accuracy and generation
length across mathematical datasets. Best results are highlighted in bold.

Accuracy 1 Generation Length |
HumanEval MBPP LiveCodeBench Avg. HumanEval MBPP LiveCodeBench Avg.

| QuQ-32B [13]
CoT Thinking 97.63 97.49 62.00 85.70 2557 2154 9986 4899
CoT Thinking (Greedy) 95.73 96.50 57.35 83.19(L 251) 2396 2069 7034 3833 (] 21.8%)
Soft Thinking 98.17 97.66 62.72 86.18 (1 0.48) 2638 2157 7535 4110(] 16.1%)

| DeepSeek-R1-Distill-Quen-32B [38]
CoT Thinking 97.25 95.13 57.33 83.23 3095 2761 8376 4744
CoT Thinking (Greedy) 87.19 87.54 43.36 72.70 (). 10.53) 2294 1703 4702 2900 (] 38.9%)
Soft Thinking 97.56 9533 59.50 84.13 (1 0.90) 2713 2534 6255 3834 (L 19.1%)

| DeepSeek-R1-Distill-Llama-70B [38]
CoT Thinking 97.71 94.77 56.94 83.14 2711 2386 8319 4472
CoT Thinking (Greedy) 92.07 91.82 48.02 77.30 () 5.84) 2192 1979 5438 3203 (L 28.3%)
Soft Thinking 98.17 94.94 58.42 83.84 (1 0.70) 2498 2214 6512 3741 (L 16.3%)

Table 2: Comparison of Soft Thinking and various baseline methods on accuracy and generation
length across two coding datasets. Best results are highlighted in bold.



EXPERIMENTS

Question: 43*34="?

CoT Thinking (157 tokens):
First, | recognize that multiplying 43 by 34 can be simplified by breaking down the numbers into more manageable parts. |'ll decompose
34 into 30 and 4.\n\nNext, I'll multiply 43 by 30. Since 30 is three times 10, | can first multiply 43 by 3 to get 129, and then add a zero to

account for the 10, resulting in 1,290.\n\nThen, I'll multiply 43 by 4, which equals 172.\n\nFinally, I'll add the two results together: 1,290
plus 172 gives me the final answer of 1,462.

Soft Thinking (96 tokens):

To solve 43 multiplied by 34, I'll start by breaking down the numbers into their place values. \n\nFirst, I'll multiply 43 by 4, which gives
me 172.\n\nNext, I'll multiply 43 by 30, resulting in 1,290.\n\nFinally, I'll add these two products together: 172 plus 1,290 equals 1,462.

B
1.00

multiplied by
1.00 1.00

by breaking down
1.00 1.00 1.00

the

First calculate the can break ‘' multiplication to
0.39 0.07 0.09 0.40 0.28 0.16 0.40 0.50
| multiply use
0.21 0.05 0.19
]I. ‘.I' .; a'rl .‘l: é ; é é 1‘0 1‘1 1‘2 1‘3 1‘4 1‘5 llﬁ 1‘7 1‘8 lIQ 2‘0
I multiply|
.0 0.45
smaller tens An\n This 4 decom Z 0 equals t
0.16 0.08 0.30 0.17 0.09 0.20 0.45 0.13 0.41 0.45
make | separate is
0.16 0.17 0.16 0.09
2 2 2'3 24 2'5 2‘5 27 2'3 2'9 3'0 3'1 3'2 3'3 3'4 3'5 3'5 3'7 3'3 3'9 4'0

multiply
1.00

resulting
1.00

in
1.00

Finally
1.00

products together

0.91 1.00
results to
0.09 0.13

An </think>

0.50

1.00

1.0

0.8

r0.6

Probability

0.4

r0.2




EXPERIMENTS
*Ablations
Accuracy Generation Length All Generation Length Correct
AIME 2024 T LiveCodeBench T | AIME 2024 | LiveCodeBench | | AIME 2024 | LiveCodeBench |
COCONUT-TF 0.0 0.0 32,768 32,768 - -
Average Embedding 6.66 7.49 30,802 30,474 6,556 2,141
Soft Thinking w/o Cold Stop 73.33 56.98 12,991 13,705 9,457 6,877
Soft Thinking w/ Cold Stop 83.33 62.72 11,445 12,537 10,627 7,535

Table 3: Ablation study of Soft Thinking with QwQ-32B on the AIME 2024 and LiveCodeBench.
COCONUT-TF represents training-free COCONUT [27].
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